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Abstract 

We demonstrate an algebraic construction of all the simultaneous eigenfunc- 
tions of the conserved operators for distinguishable particles governed by the 
Calogero Hamiltonian. Our construction is completely parallel to the con- 
struction of the Fock space for decoupled quantum harmonic oscillators. The 
simultaneous eigenfunction does not coincide with the non-symmetric Hi-Jack 
polynomial, which shows that the conserved operators derived from the num- 
ber operators of the decoupled quantum harmonic oscillators are algebraically 

different from the known ones derived by the Dunkl operator formulation. 
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There has been a surge of interest in the orthogonal symmetric polynomials associ- 
ated with the quantum integrable systems with inverse-square long-range interactions. Par- 
ticularly after the Jack polynomials, which span the orthogonal basis for the Sutherland 
model enabled an exact calculation of dynamical density-density correlation functions 

of the model ||, the Jack polynomial and its variants have been extensively studied. So far, 
we have been studying the Hi- Jack (or multivariable Hermite) symmetric polynomial that 
forms the symmetric orthogonal basis for the Calogero model |6HT(| . 

Z j=l Z j,k=l ^ Xk > 

where pj = — i^f-- The operator Kj^ is a coordinate exchange operator that is defined by the 
action on a multivariable function, (Kj k f)(- • ■ , Xj, • • • , x^, • • •) = /(•••, Xf., ■ ■ • ,Xj, ■ ■ •). For 
the symmetric case, the exchange operators at the rightmost of the expressions are identified 
with the identity, Kjk = 1. Using the Dunkl operator formulation [|ll|,|l^], we derived the 



Rodrigues formula for the Hi- Jack symmetric polynomial for the first time ||. The Hi- Jack 
symmetric polynomials are the simultaneous eigenfunctions of all the commuting conserved 
operators of the Calogero model derived by the Dunkl operator formulation P,|T0[ . They de- 
scribe the indistinguishable particles that obey the Calogero Hamiltonian and are considered 
to be multivariable Hermite polynomials with one additional parameter ||. The name Hi- 
Jack comes from the fact that the symmetric polynomial is a one-parameter deformation of 
the Jack polynomial. Sogo showed a transformation of the symmetric Calogero Hamiltonian 



into the Euler operator C E = f J2f=i x j~j&~ EH- Recently, Gurappa and Panigrahi showed a 



transformation of the symmetric Calogero Hamiltonian into decoupled quantum harmonic 



oscillators ||14|| . Motivated by their results, we presented an algebraic construction of a new 
symmetric orthogonal basis for the Calogero Hamiltonian [Hj) in a completely parallel way 
to the construction of the Fock space of the bosonic quantum harmonic oscillators. Since 
the first quantized Hamiltonian itself has no information on the statistics of the particles, 
there should be eigenfunctions not only for indistinguishable particles but also for distin- 
guishable particles. Namely, there should be non-symmetric eigenfunctions that describe 



distinguishable particles governed by the Calogero Hamiltonian (|]). In this letter, we shall 
show a simple algebraic formula for all the simultaneous eigenfunctions of the conserved 
operators of the Calogero model with distinguishable particles and discuss the meaning of 
the transformation into the interaction-free system. 

First, we decompose the Calogero Hamiltonian (|XJ) into interaction-free iV-particle Hamil- 
tonian. The ground state wave function of the Calogero model is given by the real Laughlin 
wave function, 

1 N 

M x ) = II \ x j - x k\ a exp^--uY,^), 

l<j<k<N 1 j=l 

and the ground state energy is given by E g = \Nu(Na + (1 - a)). Then the following 
similarity transformation removes the action to the ground state wave function from the 
Hamiltonian, 

where the non-symmetric Lassalle operator O-^ is |T5 



+ 



[Xj %k) z 

As is similar to Sogo's approach to the symmetric case, the Calogero Hamiltonian can be 
transformed to the Euler operator. The commutation relation [Ol, Oe] = 2C?l and the 
Baker-Hausdorff formula yield 

e^° h (uO E - -0 L )e-^° L = cuO E - 

In a similar way, we can transform the Euler operator into the Hamiltonian of the decoupled 
quantum harmonic oscillators. The commutator between the Euler operator Oe and the 
Laplacian V 2 = Ef=i £t, [V 2 , E ] = 2V 2 , and again the Baker-Hausdorff formula yield 

e-^ v2 ooO E e^ v2 = uj(Oe - —V 2 ). 

2u 



Another similarity transformation using the Gaussian kernel produces the Hamiltonian for 
the decoupled N quantum harmonic oscillators, 

i i N 

e~^ x2 uj(0 E - ^V 2 )e^ 2 = l -(YSp) + u?a*) - Nu), 

where the abbreviation x 2 ^J2jLi x j 1S used. In terms of the number rij = f a]aj creation 
Oj = f 2^j(Pj + vjJXj) and annihilation aj d =\{pj — lUJXj) operators, the above relation is ex- 
pressed by 

1 N 
e-^ x2 u(0 E - -^V 2 )e^ 2 = u^nj. 

In summary, successive applications of the similarity transformations transform the Calogero 
Hamiltonian He ([1]) to the Hamiltonian of the decoupled N quantum harmonic oscillators. 

Since the number operators, rij, j = 1, • ■ ■ , N, mutually commute, these conserved op- 
erators are simultaneously diagonalizable. Thus the non-degenerate simultaneous eigen- 
functions of the number operators, which are nothing but the number states, form the 
non-symmetric orthogonal basis of the Hilbert (Fock) space for the N decoupled harmonic 
oscillators. The similarity transformation indicates that the non-symmetric orthogonal ba- 
sis for the Calogero model can be constructed exactly in the same manner. Defining the 
creation, annihilation and number operators by 

we can algebraically construct the non-symmetric simultaneous eigenfunctions of all the 
number operators as 

N 

M = Il(bl)^m=M K (x; l/a,u)<t> g , |O) d ^ f g , (2) 

where A and a are respectively the Young diagram, A ={Ai > A 2 > • • ■ > Aiv > 0}, where X k , 
k = 1, • • • , N, are integers, and the permutation, a e Sn- The function M\ a (x; l/a,u) is a 
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non-symmetric polynomial. These non-symmetric functions are apparently non-degenerate 
simultaneous eigenf unctions of the commuting number operators hj. Defining the bras in 
exactly the same way as we do for the harmonic oscillators, 

N 

<A.| = <0|n(^) A ^, (O| = g , (3) 
i=i 

which is nothing but the dual of the above kets, we can readily confirm the bras and the 
kets form the orthogonal basis, 

N 



See Ref. |T6l , |T7|| for the vacuum normalization. Thus we have constructed the non-symmetric 
orthogonal basis, or the Fock space, for the Calogero model with distinguishable particles. 

In order to compare the above basis with the known basis given by the Hi- Jack polyno- 
mials ||-|nj, we rewrite the creation-annihilation operators as 

Xj = e^e^aje-^e-^ 2 , 

9 1 U2 I,.,n»2 1,.,^2 _ 1 V72 



dXj 

Then the polynomial parts of the kets (|2|) is rewritten as 

M Xa { X] l/a,uj) = e-^x x % (4) 

where . A comment might be in order. In order to avoid the essential 

singularity, we have to restrict the operand of the symmetric Lassalle operator to the sym- 
metric functions |L5] . On the other hand, action of the non-symmetric Lassalle operator on 
a monomial yields a polynomial with no essential singularity. As was shown by Baker and 
Forrester [pL6|| , the non-symmetric Hi- Jack polynomials Hl6 j|l8| , |l9| is given by 

j Xcr (x; l/a,w) = e-^° L J Xa (x; l/a), (5) 



where J\ a (x] l/a) is the non-symmetric Jack polynomial pD|f2T[ ]. The non-symmetric Jack 
polynomials have triangular expansion forms with respect to the monomials, 



J K (x; l/a) = x x ° +J2 v x ^ T (a)x^ ^T K> ^. (6) 

The order among the pairs of the Young diagrams and the permutations A CT are defined by 

d , 

1) fi < A, 

2) when fi = A then the first 
non- vanishing difference 
t(i) - a{i) < 0, 

where the dominance order < is given as 

d 1 1 

/i < A <^> fi ^ A, = |A| and 2J Mfc < ^> 

k=l k=l 

for all I = 1, • • • , iV. We have used here the symbol for the weight of the Young diagram, 
I A | == J2f=i Aj. Equations (f|) - (^]) show that the non-symmetric Hi- Jack polynomials and the 
new non-symmetric orthogonal basis are different, though the latter also can be regarded as a 
multivariable generalization of the Hermite polynomial with one additional parameter. From 
the above expansion (|j), we readily confirm that the non-symmetric Jack polynomials are 
not the simultaneous eigenfunctions of the operators Xjjj^, j = 1, • • • , N, and hence the non- 
symmetric Hi- Jack polynomials are not the simultaneous eigenfunctions of the commuting 
number operators fij , j = 1, • • • , N. 

It seems rather strange at first sight that the two orthogonal bases are related by a 
not unitary but triangular matrix T\ a ^ T . It reflects the fact that the commuting num- 
ber operators are not Hermitian but self-dual with respect to the exchange of the cre- 
ation and annihilation operators «-> bj, j = 1, • • • , N. That is why the bra (A CT | is not 
given by the corresponding ket itself, but should be identified with a "rotation" of the ket, 
Ha T u v Tx^^T^^Juy) in the inner product. On the other hand, the Dunkl operator formu- 
lation [p|JT2| yields the Hermitian commuting conserved operators for the Calogero model. 
The Dunkl operators for the Calogero model are listed as 

N 



,+ def 1 / , • 1 TT i • 

a = - — [Pi + ia > K lk + iujxi 

2uj \ tX\ X[ ~ Xk 



d f N 1 
oil = \[pi + ia V K lk - iuxi 

fe =i x i ~ x * 
k+i 



1-1 

di = djai + a^2(Kji - 1), [d h d m ] = 0. 

5=1 

In terms of the Dunkl operators, the Hamiltonian for the Calogero model (|IJ) is given by 
Hq — E g = ojIx, where I n == YliLi(di) n , n = l,---,iV. And the Hermitian commuting 
conserved operators are given by the ^-operators (and also /„). The polynomial parts of 
the non-symmetric simultaneous eigenfunctions for all the above commuting Dunkl operators 
di, or equivalently, the conserved operators I n , are uniquely identified as the non-symmetric 
Hi- Jack polynomials, which give an orthogonal basis of the Calogero model with respect to 
the conventional Hermitian inner product. The non-symmetric simultaneous eigenfunctions 
(@) are not the simultaneous eigenfunctions for these commuting conserved operators. 

From the discussions above, we conclude that the Calogero Hamiltonian has two sets 
of commuting conserved operators which are algebraically inequivalent to each other. We 
also conclude that two different conserved operators respectively picked up from the two 
different sets do not commute [n^,I k ] ^ 0, for k ^ 1, or equivalently, [h^,d k ] ^ 0. The 
Hilbert space of the Calogero Hamiltonian also has two different orthogonal bases that 
respectively correspond to the simultaneous eigenfunctions for the two sets of commuting 
conserved operators. This peculiar fact must be due to the large degeneracy of the eigenvalue 
of the Calogero Hamiltonian ([!]), 

H c \\ a ) = (u;|A| + £ g )|A a >. 

For a particular eigenvalue, say un + E g , the degeneracy is given by the number of pairs of 
Young diagrams and permutations A CT such that |A| = n. Existence of two inequivalent sets 
of conserved operators and two different simultaneous eigenfunctions implies some hidden 
dynamical symmetry of the Calogero model, as is the case with the hydrogen atom that has 
the 0(4) dynamical symmetry related to the angular momentum and the Runge-Lenz-Pauli 
vector |2l 



We should note that our discussions so far on the (Ajv_i-)Calogero model also holds for 



the .B/v-Calogero model p3| 



N 



N 



Z 3=1 Z 3=1 i 

N „2 



(6 2 - Uj) 



a — aKjk a — atji^Kj^ 



where the reflection operator tj is defined by (tjf)(- • • , Xj, ■ • •) = /(•••, — £j, • ■ •). As is 
similar to the way of Gurappa and Panigrahi for the symmetric case [TH]|, we can decompose 
the above Hamiltonian into that of the decoupled quantum particles. By the following 
similarity transformation, we have 

1 



- 1 (H BN -E^)<f )g = L0O E --O 



B N 
L 5 



where the ground state, the ground state energy and the non-symmetric .B/v-Lassalle oper- 



ator are 16 



x 



n 

!<3<k<N 



N 



™2 _ 2 la 



1 



N 



J] \x j \ b ex.p(-~uJ2x' j j- 

3=1 Z J=l 



E% N = -Nu(l + 2a(iV - 1) + 26), 



Of" 



A / <9 2 2b d b . 



2 , d 

+ a L (^2— ^---^ 

j fc=l 3 k 3 

Kj k — 1 tjt k Kj k — 1 



; <9x fc ' 



Since the Hamiltonian is transformed to the Euler operator by 

the polynomial part of the non-symmetric orthogonal basis for the i?Ar-Calogero Hamiltonian 
H Bn is given by 



Y^x;l/a,l/b,u) = e-^ x 



in a similar way to Eq. (|j). They are the simultaneous eigenf unctions of the operators Xj-£^. 
Also in a similar way to the Calogero model, the non-symmetric orthogonal basis is shown 
to be different from the known orthogonal basis, namely, the non-symmetric generalized 
Laguerre polynomials |16|j25[] . And the number operators are algebraically inequivalent to 
the known commuting conserved operators constructed by Dunkl operator formulation. 

So far, we have not found a similar transformation of the Sutherland model into a 
decoupled system. This seems rather strange at first because the commuting conserved 
operators and the Dunkl operators for the Calogero and Sutherland models are known to 
share the same algebraic structure, and become exactly the same in the limit, uo — > oo || 
(strictly speaking, we have to remove the action to the ground state when we consider the 
correspondence). The difference of the two models is the structure of the Hamiltonian. While 
the Calogero Hamiltonian is the simplest conserved operator Ii, the Sutherland Hamiltonian 
corresponds to the second conserved operator I2. We have proved that the second conserved 
operator J 2 can not be constructed from the number operators . We think that the point 
causes the essential difficulty in the application of such a similarity transformation method 
to the Sutherland model. 

Let us summarize this letter. We have shown an algebraic construction of the non- 
symmetric orthogonal basis for the Calogero model in completely parallel way to that of 
the quantum harmonic oscillators. The basis consists of the simultaneous eigenfunctions 
of the commuting number operators, which is different from the known orthogonal basis 
spanned by the non-symmetric Hi- Jack polynomials. The commuting number operators are 
algebraically inequivalent to the known commuting conserved operators given by the Dunkl 
operator formulation. Existence of the two different sets of commuting conserved operators 
and the two different orthogonal bases implies some hidden dynamical symmetry behind the 
model. We have also shown that the same story holds for the -Bjv-Calogero model. We have 
discussed on the difficulty in the application of this similarity-transformation method to the 
Sutherland model. We hope that the new non-symmetric orthogonal bases will shed new 
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light on the study of the eigenfunctions and the correlation functions of the models with or 
without spins. 
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